We consider the compressible flow analogue of the solution known colloquially as the Hart-McClure profile. This potential motion is used to describe the mean flow in the original energy-based combustion instability framework. In this study, we employ the axisymmetric compressible form of the potential equation for steady, inviscid, irrotational flow assuming uniform injection of a calorically perfect gas in a porous, right-cylindrical chamber. This equation is expanded to order 
Shifting attention to the steady-state velocity description in simulated rocket motors and porous tubes, several formulations have been systematically developed under incompressible, non-reactive chamber conditions. Examples include the irrotational model by McClure, Hart and Cantrell, 19 colloquially known as the Hart-McClure profile, 5 and the rotational equivalent by Taylor 20 and Culick, 21 often referred to as the Taylor-Culick mean flow. Following this tradition, other relevant models have been produced and these may be attributed to: Yuan and Finkelstein 22 who accounted for small viscosity, Majdalani and Saad 23 who accommodated arbitrary headwall injection and the effects of energy accumulation, 5 Sams et al. 24 and Kurdyumov 25 who incorporated the effects of wall taper and irregular cross-sections, and Majdalani et al., 26, 27 Zhou and Majdalani, 28 and Xu et al. 29 who allowed for time-dependent wall regression. Yet for those two-dimensional models in which compressibility is retained, a much shorter list may be identified. The one we find chiefly consists of the compressible Taylor-Culick flow analogue in porous tubes, 3 and the equivalent solution in porous channels. 4 Given the above-mentioned paradigm, it is the purpose of this study to pursue a compressible mean flow approximation corresponding to the Hart-McClure profile. Although simple in its inception, 30 this model has played a key role in furthering the application of the energy balance method in a judiciously posed acoustic instability framework. Such a framework was carefully conceived by Hart, McClure and co-workers in a number of classic investigations featuring, to name a few: Hart and McClure, 31, 32 McClure, Hart and Bird, 33 Cantrell, Hart and McClure, 34 Hart and Cantrell, 35 McClure, Hart and Cantrell, 19 Cantrell and Hart, 36 and Hart et al. 37 In fact, the energy-based methodology stands at the foundation of combustion instability analyses such as those undertaken by Flandro and Majdalani, 38 Fischbach, Majdalani and Flandro, 39 Majdalani, Flandro and Fischbach, 40 Majdalani, Fischbach and Flandro, 41 and Flandro, Fischbach and Majdalani. 42 One particular feature in the Hart-McClure injection pattern is the relaxation of the strictly radial velocity requirement at the sidewall. Such an assumption can prove helpful in the modeling of hybrid propellant rockets wherein a diffusion flame is established. It will also facilitate the modeling of the thermal boundary layer in the presence of a simplified, albeit pseudo two-dimensional, mean flow expression. The linearized equations associated with this model can prove instrumental in leveraging the method of superposition while seeking to accommodate irregular boundary conditions. Finally, given the growing emphasis on slip-boundary research in microfluidic systems and high speed applications, the quest for a compressible potential solution may viewed as a worthy endeavor in its own right.
The paper is organized as follows. We begin by revisiting the Hart-McClure problem in an axisymmetric, constant diameter chamber with uniform and non-orthogonal wall injection. Then using a Rayleigh-Janzen series in even powers of the wall Mach number, we expand the compressible potential equation up to fourth order and extract the compressible flow analogue of Hart-McClure"s. Our analytical expression is then compared to one-dimensional theory, to its rotational counterpart, and to numerical simulations carried out under realistic turbulent conditions.
II. Mathematical Model

A. Geometry
We consider the steady, inviscid and non-heat conducting flow of an ideal gas in the domain bounded by the porous sidewall of a tube of radius a and finite length 0 L . It is assumed that the non-orthogonal incoming speed of the gas at the wall has a radial component w U and that 0 L can be sufficiently long to trigger sonic conditions. In solid and hybrid rockets, the sidewall velocity w /
PP
Ur   may be connected to the solid or fuel propellant regression rate, P r . To justify a constant w U , we speculate that the streamwise depreciation in pressure and its wall-coupling effect can nearly offset the axial decrease in density. As shown in Fig. 1 , r and z represent the radial and streamwise coordinates using a nomenclature in which the overbars denote dimensional quantities. All spatial variables are normalized by a in a coordinate system that has its origin at the headwall center. As usual, axial symmetry reduces the field investigation to the region 01 r  and 0 zL , where 0 / L L a  stands for the aspect ratio. The tube can be taken to be closed at 0 z  , corresponding to an inert headwall, and a sidewall velocity that conforms to the Hart-McClure profile (Fig. 1a) . This configuration will be the main focus here with a slipboundary at the sidewall. However, it is also possible to superimpose a headwall injection profile at 0 z  with characteristic speed c U . The equivalent Taylor-Culick mean flow is illustrated in Fig. 1b where the orthogonality of the injected fluid is showcased. The incompressible model of this problem was treated by Majdalani and Saad, 23 whereas the compressible flow analogue was analyzed by Majdalani. 3 The resulting streamlines can be either induced by the injection process or by the two converging streams. The flowfield with headwall injection may be useful in modeling the bulk gaseous motion in hybrid rockets where w U can be appreciably smaller than the 23 in their rotational analysis of this problem with arbitrary headwall injection. In what follows, the steps leading to an exact potential solution will be delineated, although the addition of a secondary stream at the headwall can be readily considered by way of superposition.
B. Nomenclature and Boundary Conditions
We begin by normalizing the fundamental flow variables and operators using standard axisymmetric descriptors. These can be written as 
where  ,  , and 
As usual, the velocity, Stokes streamfunction, and potential function are related by 11
Given an isentropic flow of a calorically perfect gas with / 
A solution that satisfies Eq. (5) may now be derived from the compressible form of the potential equation and then substituted back into the momentum equation so that the pressure is deduced. Isentropic relations will then be employed to calculate the density and temperature.
C. Potential Flow Equation
To derive the potential flow equation we begin with the continuity equation for cylindrical coordinates written in dimensional variables:
To simplify matters, the tangential derivative is eliminated for axisymmetric motion. The result is an expanded version of Eq. (6) The density terms must be eliminated to reach the desired potential equation. To that end, we invoke 
Here c is the local speed of sound and not a reference value. Equation (11) provides the means for eliminating the density from Eq. (9). This can be seen by combining Eqs. (10) and (11) Collecting partial differentials in dr and dz and simplifying, we get 
Since c is a local speed of sound, it must be expanded to account for the implied velocity potentials that it contains. When expressed in terms of its stagnation value, we get
where 0 c is the speed of sound at stagnation conditions, often taken at the inert headwall. Thusly, Eq. (15) 
Applying the normalization designated in Eq. (1) 
III. Solution
A. Rayleigh-Janzen Expansion
The compressible potential flow equation 43 is subject to four boundary conditions associated with the TaylorCulick irrotational flow, known colloquially as the Hart-McClure profile. These conditions correspond to: a) an impermeable headwall, b) no radial flow across the centerline, c) a radial sidewall velocity equal to the injection velocity, and d) a vanishing reference potential at the center of the headwall. Mathematically, we write
In retrospect, the above conditions are similar to those used by Culick 21 except for the no-slip requirement which is not needed here. Equation (18) may be rearranged into 
Similarly, to determine the thermodynamic variables, we can expand Eq. (10) using 
This relation will be expanded as needed to deduce the pressure at successive orders. ;
The boundary conditions can now be used to extract 
We thus recover the irrotational, incompressible, inviscid solution that is often referred to in the propulsion community as the Hart-McClure profile. 31, 34, 36 This profile was the precursor to Culick"s model and constitutes one of the first base flows used to study combustion instability in solid rocket motors. Outside the realm of propulsion, the same solution is used to model flow around a cavity. Its velocity components are simply given by: ; 0; 2 
Integration of Eq. (36) generates
Note that the constant of integration is nil according to the reference condition at the headwall. 
C. First-Order Mach Number Correction
Equation (38) appears, at first glance, nearly intractable. However, it may be verified that the substitution of 
The radial and axial functions may be readily segregated by putting
where  denotes the separation constant. On the one hand, the radial function becomes
On the other hand, we collect in the axial variable,
At this juncture, the boundary conditions may be applied to give: 
Backward substitution of these constants leads to 
To circumvent the introduction of the density in the Figure 2 shows the potential lines for a reference case of w 0.01. M 
IV. Results and Discussion
A. Potential Lines
In Fig. 2a the effects of compressibility are presented as a leftward shift of the potential lines. There is very little change in curvature for the potential lines as the flow in the downstream region is predominantly axial. Figure 2b shows a more detailed view of the potential lines near the head end of the chamber. Here, the axial and radial velocities are of the same order, resulting in increased curvature of the potential lines. The diagonal crossing the origin demarcates the border between radial and axial dominance of the flow. As expected, the compressibility effects in this region are virtually nonexistent as the compressible and incompressible potential lines are directly on top of each other.
B. Critical Length and Universal Similarity
Characterizing the critical length, also called the sonic length, is an integral measure to compare the present study to existing experimental and computational data. By normalizing the length of a motor by the critical length, it is possible to compare the analytical predictions directly to numerical or experimental data, provided the choking length is known. Past solutions have also displayed similarity behavior when normalized by the critical length in so far as the solution is weakly dependent on the Mach number. This similarity is especially useful when weighing multiple models against each other as only a single Mach number is necessary for a complete comparison. With this in mind, we examine the dimensional quantities 
Equation (54) provides the criterion for the critical length. When the dimensional axial velocity divided by the local speed of sound reaches unity, the choking condition is satisfied. Rewriting Eq. (54) in terms of our dimensionless solution and squaring both sides, we have
The reference constants may be collected to retrieve 
1) 8(
where s L stands for the critical sonic length and  is a constant based purely on the ratio of specific heats, This result is compared in Fig. 3 to the compressible study from Majdalani 3 in which a similar sonic length calculation was deduced. For all cases, the present study requires a longer chamber to reach choked flow conditions. If a mass balance is conducted between the two models, for a given sinusoidal profile, the equivalent plug flow velocity is lower than the maximum velocity of the rotational counterpart. It is actually expected that a higher centerline velocity will reach choked conditions sooner than the slower irrotational equivalent. This is consistent across the range of specific heat ratios. The sonic length is again found to be weakly dependent on the specific heat ratio, with larger values choking more quickly.
C. Comparison to Alternate Models
In recent work, Majdalani 3 assumed uniform sidewall injection in a right-cylindrical chamber to obtain the compressible, axisymmetric analog of Taylor-Culick"s profile. In the interest of clarity, the main ingredients of his solution are reproduced below: 1 ( 1) (1 ) ( 1)
where the sonic length, also known as the critical distance, is related to the  function through 
By retaining the leading-order term, we can also compare the solution to the incompressible Taylor-Culick flow. A comparison to the one-dimensional model used by Gany and Aharon 18 is also beneficial. Owing to the irrotational nature of the present study, the velocity components are one-dimensional, even though the model itself is axisymmetric. Gany and Aharon 18 focused their analysis on the chamber pressure, which they represent by shape to the existing models and exhibits the established  dependence. Near the exit plane of the chamber, the present study has a steeper curvature more closely matching the slope of the one-dimensional model. This is expected as the axial velocity dominates towards the aft end of the chamber, providing an approximation that approaches a one-dimensional axial profile. In Fig. 4b , a single specific heat ratio,
is featured along with the addition of two CFD solutions calculated using a finite volume Navier-Stokes solver. The concurrence of the present solution with the k   model is particularly satisfying. That such a reduced formulation could capture these pressure effects is important in assessing the viability of the irrotational flow as a basis for stability analysis. Figure 5 illustrates the spatial distribution of the axial velocities from the present study compared to the rotational Taylor-Culick and its compressible counterpart. The velocities are displayed at ten percent increments of the sonic length and renormalized by their maximum velocity. The compressible results coincide at s L and agree well in the second half of the chamber, as the present and previous compressible studies have nearly identical values at the centerlines. Figure 5 also confirms a previous finding: the onset of compressibility occurs near the midpoint of the chamber. Near the fore end of the chamber, the relative magnitudes slightly disagree with the Hart-McClure prediction, showing larger velocities at the same fraction of the sonic length. The incompressible velocity displays similar trends, thereby implying that the discrepancy is not a result of compressibility, but rather the difference in velocity development between rotational and irrotational flows.
The radial velocity is solely a function of r, eliminating the need for any axial comparisons. Figure 6a sets our solution against the radial velocity identified by Majdalani for w 0.01.
M  The present model is practically linear and is visually indistinguishable from the leading order. The present study acts as an upper bound on the radial velocity solutions. As the compressible Taylor-Culick develops, it slowly approaches the irrotational velocity. shown over a range of injection Mach numbers.
raised, the radial velocity responds with an increase in the quarter-radius region. Nevertheless the increase is so slight, especially when compared to the more dominant axial velocity, that it can safely be ignored.
To conclude the velocity analysis, the Mach number distribution in the chamber is calculated using Eq. (56). We obtain, for the local Mach number,
The compressible models exhibit agreement over a range of operating conditions. The pressure and Mach number comparisons, in particular, are satisfying in their correspondence. The compressible rotational and irrotational models are compared, clarifying the varying effects that compressibility has on these different flowfields. The most notable contrasts occur between the velocity fields. The radial component of the compressible Hart-McClure velocity can be approximated as incompressible with no ill effects, whereas the same profile in the rotational case undergoes clear alterations in shape during the compressible steepening process. The amplification of the axial velocities in both compressible studies are consistent with each other, although the Hart-McClure velocity displays a slight shift near the headwall that may be attributed to the lack of rotationality in the present study.
The asymptotic predictions presented here are only the first approximation of compressibility effects. Calculation of higher order terms may provide a better understanding on the accuracy of Rayleigh-Janzen type solutions as the mean flow Mach number increases. The solution complexity of the rotational equations prevent such a supplement, but the irrotational approximation can be extended without such complications. Furthermore, an extension to both compressible models to account for alternate geometries or time-dependent features, such as wall regression are also interesting prospects for future work.
